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1. Introduction 

The theory of finite dimensional representations of quantum loop algebras is a rich sub- 
ject, developed already by many authors. It has many applications and connections to 
various branches of mathematics, including representation theory, algebraic geometry, com- 
binatorics and classical/quantum integrable systems. For a recent review the reader is 
referred to pljlL]. 

Let us briefly recall the classification of irreducible finite dimensional representations. 
Let U q (g) be a quantum loop algebra of non-twisted type, and let xf(z), <t>f(z) (1 < i < n) 
be the Drinfeld currents (for the notation, see Section [2] below). Then any irreducible (type 
1) finite dimensional C/ (? (g)-module V is presented as V = U q (g) v, with v a non-zero vector 
satisfying 

xf(z)v = 0, 4>f{z)v = ^i{z)v (i = l, •••,«). 

The eigenvalues of 4>f(z) are the power series expansions in z ±x of a rational function ^i(z) 
of a specific type, 



Pi{qiz) 



where Pi{z) € C[z] is a polynomial such that -Pi(O) = 1. These are called Drinfeld polynomi- 
als. The n-tuple \I/ = (^fi) ■_ 1 n is called the highest I- weight of V. Note that each ^%{z) 

is regular and non-zero at z = 0, oo. The correspondence between V and {Pi( z ))i <i<n is 
bijective [CPT1ICP2] . 

l 
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A particularly well-studied case is the Kirillov-Reshetikhin (KR) module defined by 

k 

P^z) = H(l - aqt 2l+1 z) , Pj(z) = 1 i) 
l=i 

for some i = 1, • • • , n, k € Z>o and a € C*. In this article we denote it by L(M^). The KR 
modules have various nice properties. Among others, it is known \N2\ IH2] that as k — > oo 
the normalized g-character x q (L(M^ _ 2fc+1 )) |FR] has a well-defined limit as a formal power 
series. 

In view of these results, one is naturally led to ask the following questions: 

(i) In the description of highest I- weight modules, what will happen if ^j(z)'s are more 
general rational fractions? 

(ii) What is the representation theoretical content of lim^oo Xq{L(M^ _ 2k+1 )")? 

Motivated by these questions, we introduce and study in this article a certain category 
of [/g(b)-modules, where U q (b) is the Borel subalgebra of U q (Q). Basic notions for U q (q) 
such as highest ^-weight carry over in a straightforward manner to U q (b) as well. We prove 
that a simple highest ^-weight f7 9 (b)-module belongs to category if and only if its highest 
^-weight SI/ = (^i(z))i<i< n consists of rational functions which are regular and non-zero 
at z = 0. We call them the Drinfeld rational fractions. Since no condition at z = oo is 
required, this gives an answer to question (i). These simple modules are infinite dimensional 
in general, but we prove that their weight spaces are finite dimensional. 

Among simple highest ^-weight modules, of particular significance are the two kinds of 
fundamental modules Lf a (I < i < n, a € C*) defined by the highest ^-weight 

= {l-az) ± \ ^j(z) = l (j^i). 

General simple highest t- weight modules are subquotients of tensor products of Lf a 's. For 
the proof of the classification mentioned above, the key point lies in showing that Lf a 's 
belong to category 0. We do this by constructing the module L~ a as the limit k —¥ oo of 
KR modules M^\ 2k+1 viewed as C/ (? (b)-modules (with an appropriate shift of grading). The 

J >9i a 

module Lj a are then constructed either as a similar limit of M. 2fe _ 1 or using a duality 

1 (i) 

argument. In particular the limit of the normalized o-characters of M _ 2 fe+i is the q- 

character of the U q (b)-modu\e LJ-,. This gives an answer to question (ii). These are the 
main results of the present paper. 

Actually we prove that the module L^ a admits an action of a 'larger' algebra U q (o) which 
we call asymptotic algebra. It is defined in the same way as the quantum loop algebra 
U q (o) wherein invertibility of the <^>~(0)'s is not assumed. Asymptotic algebra does not 
contain U q (b) as a subalgebra, but it is 'larger' in the sense that Q-graded f/ (J (g)-modules 
(Q denoting the root lattice of the classical part of q) can be regarded uniquely as U q (b)- 
modules. See Proposition 12.41 for the precise statement. In contrast, the action of U q (b) on 
Lf a cannot be extended to that of the full asymptotic algebra U q ($). 
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Since explicit character formulas for KR modules are known \N2\ IH2j . our asymptotic 
construction of the fundamental representations Lif a implies explicit formulas for their char- 
acters x(Lf a )- Moreover, our results imply that xi^ta) = x(L~ b ) for any i = 1, • • • , n and 
a,beC*. 

Some particular cases of fundamental representations L~f a of the Borel algebra have been 
discussed in the literature under the name of 'g-oscillator representations', see e.g. |BLZj . 
Appendix D for st 2 , [BHK] , Appendix B for sl 3 , [BTs] . Section 5 for st(2|l), and [Ko] for L± a 

of sl n . The corresponding q-characters are intimately connected with Baxter's Q-operators 
important in quantum integrable systems. Giving a systematic account to this construction 
has been another motivation for our study. 

As mentioned above, the theory of finite dimensional representations of quantum affine 
algebras has been intensively studied. We can expect similar developments for the category 
of the Borel algebra. For example, it would be very interesting to find the defining 
relations for its Grothendieck ring. 

The standard asymptotic representation theory [V] involves limits with respect to the 
rank of a Lie algebra or a group. In the present paper, the limits are taken with respect 
to the level of representations. Here, by 'level' we mean that of representations of the 
quantum group associated to the underlying finite-dimensional Lie algebra. The relation 
between these two kinds of asymptotic representation theory should be understood in the 
spirit of the level/rank duality of [Fj. 

Another direction is to understand the connection of our work to results about Demazure 
modules for classical current algebras, such as in [FLj . 

We hope to return to these issues in the near future. 

The text is organized as follows. 

In section [2] we set up the notation concerning U q (g), introduce the asymptotic algebra 
U q (g) and discuss the connection between representations of U q (g) and that of the Borel 
algebra U q (b). In section[3]we discuss the basics of highest ^-weight modules of U q {b). We 
introduce the category 0, and state the classification of simple modules in Theorem 13.111 
whose proof will be given in the following sections. We also discuss the g-characters and 
summarize some facts about finite dimensional representations of U q (g), including the results 
from |H4] which will be used in subsequent sections. We analyze analogous properties for a 
category 0* dual to 0. In sectionOwe show that the family of KR modules {M® _ 2fe+ i}fc>o 

has a well defined limit Voo, and that it has the structure of a module over the asymptotic 
algebra U q (g). As a consequence, the simple module is shown to belong to category 0. 

The next section concerns the simple module Lf l . In section[5]we consider a dual module 
0*00 )* °f the module VJx, constructed in the previous section, over the algebra U q -i (g). From 
this we conclude that is in category 0. By using this result, we prove in section [6] that 
Vx is irreducible, so that it coincides with the simple module L^ 1 . By using duality, we 
also prove that (VJ^)* is irreducible isomorphic to Lf v In particular, we get an explicit 
character formula for L^ a . In the last section [7] we discuss the asymptotic construction of 
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2. Quantum loop algebra and related algebras 

In this section, we introduce our notation concerning the quantum loop algebra and 
related algebras. 

2.1. Quantum loop algebra. Let C = (Cjj)o<jj<n be an indecomposable Cartan matrix 
of non-twisted affine type. We denote by q the Kac-Moody Lie algebra associated with C. 
Set 7 = {1, . . . , n}, and denote by g the finite-dimensional simple Lie algebra associated 
with the Cartan matrix (Cij)ij,=j. Let {aj}, e /, {a^}j e /, {uji}i € i be the simple roots, the 
simple coroots and the fundamental weights of g, respectively. We set Q = (BfeiZcti, Q + = 
©i e /Z>oai. Let D = diag(<io . . . , d n ) be the unique diagonal matrix such that B = DC is 
symmetric and d^s are relatively prime positive integers. We denote by ( , ) : Q x Q — » Z 
the invariant symmetric bilinear form such that (aj, aj) = 1d%. Let ao, ■ ■ ■ ,a n stand for the 
Kac label ( [Kac| . pp. 55-56). 

Throughout this paper, we fix a non-zero complex number q which is not a root of unity. 
We set qi = q di . 

The quantum loop algebra U q (g) is the C-algebra defined by generators ej, fi, kf 1 
(0 < i < n) and the following relations for < i,j < n. 

U.L. — U.U, tooifll , , , Wi> _ 1 

he-jk i 1 = q i 1,3 ej, hfjk { 1 = q i 1,3 fj, 

r p "I j- k{ — fcj 

[ e «' Jjl — rfi 
Qi-Qi 

E' J (-l) r ef- ClJ - p) CiC i r) = (i^j), (-l)7i 1 -° i ^ r) /i// r) =0 (i^j). 

r=0 r=0 

Here we have set x| r ^ = x[/[rL! (xj = ej, fi), and used the standard symbols for g-integers 



-m 



[m\ z = z _ z _ x , [m\z-- 



lib'], 

3=1 

The algebra J7 9 (f() has a Hopf algebra structure. We choose the coproduct and the antipode 
given by 

A( ei ) = a <g> 1 + ki ® ei, A(/i) = /j <g> fcr 1 + 1 ® /j, A(fcj) = <g> , 
S(&i) = —k^ ej, S(fi) = —fiki, S(ki) = k^ , 
where i = 0, • • • , n. In particular, 

<5 (ej) = e i^j j 5" (/j) = —kifi, S [ki) = k i 1 . 

2.2. Drinfeld generators and asymptotic algebras. The algebra U q (g) has another 
presentation in terms of the Drinfeld generators. For our purposes it is convenient to 
introduce them in the following manner. 

Let U q (g) be the C-algebra defined by generators 

xf r (i £ 7, r € Z), 4>f ±m (i € 7, m > 0), «, (i E 7) 
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and the following denning relations for all i,j € /, r,r' € Z, m,m' > 0: 



J i,m x j,r — % x j,r+l^i,m~l q i X j,r +1+1^1,171-1-1 ' 

0<Z<m 0</<m-l 

\-mrj,r ~ % M j,r-l-Vfi,-m+l+l ^ q i x j,r-l^i,-m+l 

0<Km-l 0<l<m 



—Cij _-|_ — — ~-)_ c ^i,r+r' ^i,r+r' 

1i X i,r X j,r' ~ X i,r' X i,r ~ =1 > 

% - <?. t 

/v* .'v* /-y -'v» -'v» i/ -*v* .*v* - v * — — ryt— *— 



tt£E s fc=0 

In the last relation, i ^ j, s = 1 — Cjj, n, • • ■ , r s run over all integers, and S s stands for 
the symmetric group on s letters. We have set also 4>f± m = for m < 0. We call U q (g) the 
asymptotic algebra. Notice that the elements Ki G U q (g) are not assumed to be invertible. 
Indeed, we shall consider later representations of U q (g) on which Ki act as 0. 
We have then 

Proposition 2.1. |Dr2[ [Be] There is an isomorphism of C- algebras 

(2-1) U q (g) ~ U q (g) 

The standard Drinfeld generators x^ r , 4>f± m , kf l are related to those in the right hand 
side by 

(2-2) = xf >r , x ir = K i l x ir , 4>f^± m = K i l (f>^ ±m , h = K i 1 . 

With this identification, we shall regard U q (g) as a subalgebra of U q (g). 
For jj = st2, the isomorphism (|2.ip is given explicitly by 

„ _i — — ~ —i 

fe !-)■«!, fci H> Kj" 1 , [ei,fcie ] i-> ^—j-Kf 1 ^^, 

q — q 

that is fcieo •->■ and fok^ 1 h-> 

In the general case, the isomorphism (|2.ip takes e, to rr^" , fi to x^~ , and fc« to k^ 1 for 
i G /. The image y of eo is described as follows (see e.g. |CP2] . p. 393). In the Lie algebra 
0, choose simple root vectors xf and suppose that the maximal root vector is written as a 
commutator A[x^, [xf 2 , ■ ■ ■ , [xf k ,x^ o ] ■ ■ ■]] with some A G C x . Quite generally we say that 
an element x of U q (g) has weight j3 G Q if /cjX = q^' ai ^xki for all i £ I. For an element A 
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(resp., B) of weight a (resp., (3), introduce the notation [A, B] q = AB — q( a '^BA. Then 
we have 

(^•3) V = [^ti,0i [^ia,0> ' ' ' ' [^i fe ,0) ^j Q! lJg ' ' ' JgJg ■ 

In what follows we shall use the generating series 

(2-4) tf{z) = 0t± m z ±m , ftW = £ 4>t± m z ±m - 

m>0 m>0 

Let us define the following isomorphism. 
Proposition 2.2. There is a unique isomorphism of C- algebras 

a : U q (Q) -> U q -i{g) 

satisfying 

x i,m l— ^ Qi x i,mi x i,m l— ^ ^%m> ^i,±r l— ^ ^i,±r 
/or i 6 /, m G Z, r > 0. 

In particular we have 0"(/cj) = foj and _|_ r ) = 0f ±r for i G J and r > 0. This implies 
that a restricts to an isomorphism of C-algebras U q (o) — > U q -i(g). 

Proof. As a{ki) = hi, it suffices to check that the defining relations of U q {o) are mapped to 
the defining relations of U q -i(g). This is immediate for all relations except 

(C) kn -C it j ~ + — — ~ + _ , fitr+r' ~ ^i,r+r' 

l Z -°J Qi X i,r X j,r' X j,r' X i,r ~ °hj -1 

The left hand side of (|2.5p is mapped to 

—Cij 2~— — h _ 2~ + ~— _ _ — Ci,j'+ 2 / ~— — h , Cj-,i — 1_ „_ <. 
9i Qi x i,r X j,r' Qi X j,r' X i,r ~ Qi \ X i,r X j,r' 9j X j,r' X i,r)- 

If i ^ j, this is zero in C/ ? -i(g). If i = j, this is 

~(Qi X i,r' X i,r ~ X i,r X i,r')- 

In this case, the right hand side of (|2.5p is mapped to 



i,r+r' "i,r+r' "i,r+r' ^i,r+r' 



Qi ~ Qi 1 Qi 1 ~ Qi 



and so we get the correct relation in U q -i(g). □ 

For example, in the case of 5I2, we get cr(ei) = q 2 x^ , <r(/i) = ^ix^" , cr(eo) = a{x^ l ) = 
xf t and a(/ ) = cr(x|'_ 1 A; 1 ) = q^x^^ki. 
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2.3. Borel algebra. 

Definition 2.3. The Borel algebra U q (b) is the subalgebra ofU q (g) generated by e% and kf 1 
with < i < n. 

This is a Hopf subalgebra of U q (g). It is well known (see e.g. |Jal Section 4.21], |H1| Lemma 
4]) that U q (b) is isomorphic to the algebra defined by the generators ej, kf 1 (0 < i < n) 
and the relations 

k% kj — kj ki j k{ ej = q^ ej k% , 

s 

^(-lYie^e^ =0 (s = l- dj, i^j). 

r=0 

For g = 5(2, the Borel algebra U q (b) can be easily described in terms of the Drinfeld 
generators : it is the subalgebra of U q (sl2) generated by the xf m , x^[ r , kf 1 , (f>f m where 
m > and r > 0. Such a simple description does not hold in the general case. Nevertheless 
it is known [Be] that the algebra U q (b) contains the Drinfeld generators xf m , x~ r , kf 1 , (pf r 
where i € 7, m > and r > 0. 

Let U q (Q) ± (resp. U q (g)°) be the subalgebra of U q (g) generated by the x ir where i € 
I,r 6Z (resp. by the k i 1 , 4>t± r where i € 7, r > 0). 

Then by |Be| . [BCP^ Proposition 1.3] we have a triangular decomposition (isomorphism 
of vector spaces) : 

u q (Q)^u q ( 5 r®u q ( 5 ) o ®u q ( 9 ) + . 

Let further C/ g (b) ± = C/ g (g) ± n U q {b) and U q (b)° = U q (Q)° n U q {b). Then we have 

U q (b) + = (xt,Jiei,m>a, U q (b)° = (<£+ , fcfW^o- 

In general, £/g(6)~ does not have such a nice description in terms of Drinfeld generators, 
except when q = s[2 for which U q (b)~ = (^i" m )m>l- 

By using the PBW basis of |Bej . we have a triangular decomposition 

(2.6) 17,(6) ~ U q (b)- ® U q (b)° ® U q {b) + . 

2.4. From U q (g) to U q (b). A representation V of the asymptotic algebra U q (g) is said to be 
Q-graded if there is a decomposition into a direct sum of linear subspaces V = © Qg g 
such that 

xf^ C V( a±a >\ $t ±m V {a) C K# (a) C y (Q) 

hold for any a € Q, i S 7, r € Z, m > 0. 

Proposition 2.4. For a Q-graded U q (g) -module V , there is a unique structure of U q (b)- 
module on V such that 

(2.7) eiV = xf v, e v = yv, kiV = q^^v (i € 7, v € V^) , 
where the element y € J7 g (f() is ywen in (|2.3D . 
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Similarly, for a Q-graded U q -i(o) -module V , there is a unique structure of U q (b) -module 
on V such that 

(2.8) e iV = <t(x+ q )v, e v = a(y)v, k i v = q^ a(a ' ) v (i G I, v G V {a) ) . 

Proof. Let us check that the relations of U q (b) are satisfied. Since each y( a ) is a joint 
eigenspace of ki, it is clear that kikj = kjki- Prom xf C V^ a:iza ^ , we get the relations 

kiej = qf'' J ejki. Finally the elements y,xf , ■ ■ ■ ,x^ satisfy Serre relations in the algebra 

Ug( S ) (resp. U q -i(Q)). □ 

In general, the action of U q (b) can not be extended to an action of the full quantum affine 
algebra U q (g), because the Ki's are allowed to have non-trivial kernels on V . 

As a(U q -i(b)) ^ U q (b), it is not sufficient to have a U q -i (b)-module structure on V to 
get a [/q(b)-module structure via a. That is why we will construct U q -i (g)-modules. 

Remark 2.5. For a Q-graded F/ g (b)-module V = ®aeQV^ a \ one can freely shift the action 
of the fcj's. Namely, for any G C x (i G I), a new C/ g (b)-module structure on V is obtained 
by setting 

k iV = fcq^v (v£V {a) ) 
and retaining the same action of ej's. 

2.5. Coproduct. The algebra U q (g) has a natural Q-grading defined by 

de g(^m) = ±a ^ deg(/v) = deg(kf) =0. 

Let U+(g) (resp. U~(g)) be the subalgebra of U q (g) consisting of elements of positive (resp. 
negative) Q-degree. These subalgebras should not be confused with the subalgebras U (] (q) ± 
previously defined in terms of Drinfeld generators. Let 

x+ = E Cx+ m clX+( ). 

Theorem 2.6. |Daj Let i G I. For m G Z, we /iowe 

(2-9) A G x+ m ® 1 + C/,( ) ® (E/g( fl )X + ) . 

For r > 0, we have 

(2-10) A (0± ±r ) G <t>t±l ® <±(r-i) + W ® 

0<Kr 

(2.11) A ) G X" ® A* + 1 ® x t - r + ^ xr r </>+• + 17, ( fl ) ® (£/ g (g)X + ) . 

l<j<r 

For r < 0, we have 

(2.12) A (x~ ) G x~ r ® fcr 1 + 1 ® X" + ® ^ + Ef,(g) ® {U q (g)X+) . 

l<j<-r 
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3. Category for U q (b) 

3.1. Highest ^-weight modules. Denote by t the subalgebra of U q (b) generated by {fc^ 1 }^/. 

Set t* = (C x )^, and endow it with a group structure by pointwise multiplication. We define 

c 

a group morphism — : Q — > t* by setting ~a.i{j) = q i for a simple root a\. We shall use 
the standard partial ordering on t*: 

(3.13) u> < oJ if ujtjj'~~ x is a product of {a" 1 }^/. 
For a C/ g (b)-module V and u G t*, we set 

(3.14) V u = {v€V\kiV = u(i)v (Vt G /)} , 

and call it the weight space of weight w. For any i G /, r € Z we have <^ r (Kj) C and 
^(Ki) C VT_±i. We say that V is t-diagonalizable if V = K;. 

Definition 3.1. A series \l/ = (^imjiei m>o of complex numbers such that Vl/jo 7^ for all 
i G / is called an l-weight. 

We denote by t| the set of ^-weights. Identifying (^i jm )m>o with its generating series we 
shall write 

* = ^( Z )=^$. mZ -. 

m>0 

Since each ^(z) is an invertible formal power series, t| has a natural group structure. 
We have a surjective morphism of groups w : t| — > t* given by ro(^ r )(i) = ^j . For a 
L r (? (b)-module V and * G t|, the linear subspace 

(3.15) = {v g y 1 3 P > 0, vi g j.vm > 0, (0j m _ * i)m y v = 0} 

is called the I- weight space of V of t- weight 

Definition 3.2. A U q (b)-module V is said to be of highest l-weight G t| if there is v EV 
such that V = U q (b)v and the following hold: 

eiv = (i € I) , 4>t,m v = ^i,mv (i€l, m > 0) . 

The ^-weight G t| is uniquely determined by V. It is called the highest ^-weight of V . 
The vector v is said to be a highest ^-weight vector of V . See [Nl} IH1] for an analogous 
definition in the context of representations of quantum affinizations. 

Lemma 3.3. Let V be a highest l-weight U q (b)-module with highest l-weight vector v. Then 
xf m v = holds for all i G I,m > 0. 

Consequently V = U q (b)~v. Moreover V is t-diagonalizable and V = ® V\. 

A<ro(*) 

Proof. The first statement can be verified by induction using the formula 

The rest of the assertions are clear from (|2.6p . □ 
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Example. For any \I/ G t|, define the Verma module M(\I/) to be the quotient of U q (b) by 
the left ideal generated by e, (i G I) and <^>+ m - * i>m (i £ I,m> 0). From (|2?6l) . M(*) is 
a free U q (b)~ -module of rank 1. In particular it is non trivial and it is a highest ^-weight 
module of highest I- weight 

3.2. Simple highest ^-weight modules. Let \I/ G t|. By a standard argument, the Verma 
module M(\l/) has a unique proper submodule, and so we get the following. 

Proposition 3.4. For any $ £ tj, there exists a simple highest l-weight module L(^) of 
highest t-weight \l/ . This module is unique up to isomorphism. 

Let us give two fundamental examples. 

Example. Let oj G t*. We define G t* e by (* w )i,o = = for i G I and 

m > 1. Then L(^ r w ) = Cv is 1-dimensional. 

Example. For i E 7, let Pj (z) G C[z] be a polynomial with constant term 1. Set 

Then L(^) is finite-dimensional. Moreover the action of U q (b) can be uniquely extended 
to an action of the full quantum affine algebra U q (g), and all (type 1) irreducible finite- 
dimensional [/g(g)-modules are of this form. This follows from the classification of simple 
finite dimensional modules of quantum affine algebras |CP2] by Drinfeld polynomials along 
with the following result. 

Proposition 3.5. Let V be a simple finite dimensional U q {o) -module. Then V is simple 
as a U q (b)-module. 

This result was proved in |BT| for q = 5I2, and in |Boj . \CG\ Proposition 2.7] in the 
general case. For completeness, let us give a short elementary proof of this statement, 
independent from the proof of |Boj . 



Proof. Let ir : U q {o) — > End(V) be the representation morphism. Let i G I. We prove for 
any r G Z that Tr(x ir ) is in the space linearly spanned by ('^(x i m ))m>o- Since End(V) is 

finite dimensional, there is a non-trivial linear relation Ylr=a ^ r7T ( x tr) = ^ with a > 1. On 
the other hand, for any r G Z we have 

It follows that for any R > we have X^r=a ^r^(xf r _ R ) = 0. Now it is clear that V is cyclic 
as a f7q(b)-module generated by a highest ^-weight vector, and that all primitive vectors are 
of highest i- weight. □ 

Note that in the proof, we proved a weak version of the quasi-polynomiality property 
(see |BK} Proposition 6.2], |H3|, Proposition 3.8]). 

Remark 3.6. From the relation (|2.10p . the submodule of L(*&) <8> L(*&') generated by the 
tensor product of the highest ^-weight vectors is of highest ^-weight VE"]/'. In particular, 
L(**') is a subquotient of <8> £(*')■ 
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Definition 3.7. For i £ I and a G C x , let 
(3.16) Lf = L(*) where %0) = 

T/ie representations Lif (i 6 J, a G C X J are called fundamental representations. 

For a £ C x , we have an algebra automorphism r a : f7 9 (g) — )• U q (q) such that 
(3-17) t.OeJJ = a m s± m , r (^(z)) = 0±(az) . 

The subalgebra U q {b) is stable by r a . Denote its restriction to U g (b) by the same letter. 
Then the pullbacks of the C/ g (b)-modules Lf b by r a is Lf ab . 

We remark that for a = 0, we get an algebra morphism tq : U q (b) — > U q (b) which is not 
invertible. Its image is the subalgebra U q (b) of U q (b) generated by the x^ , kf l (i G I), that 
is the Borel algebra of the quantum algebra of finite type associated to U<j(q). The pullback 
of the 1-dimensional simple representations of U q (b) are the representations L{^ w ). 

3.3. Category 0. For A G t*, we set D(\) = {uj G t* j u < A}. 

Definition 3.8. A U q (b)-module V is said to be in category if: 

i) V is t-diagonalizable, 

ii) for all wet* we have dim(V^) < oo, 

Hi) there exist a finite number of elements Ai, • • ■ , A s G t* such that the weights of V are 
in 1J D(\j). 

J'=l,- >« 

The category is a tensor category. In general a simple highest ^-weight module is not 
necessarily in category 0. 

Lemma 3.9. Let V be a U q (b)-module, wet* and i G We suppose that V Ul VoMi an d 
— i are finite-dimensional. Then for \& G t| such that m(&) = to and V* ^ 0, ^i(z) is 

i 

rational. 

Proof. The proof is a generalization of the proof of |HH Lemma 14]. 

There is a non zero v G V* such that 4>f m v = ^i^ m v for any i G /, m > 0. Choose a basis 
(tti, • • • , of V --i , a basis (i>i, • • ■ , vp) of and a linear map ir : — >• C« such that 

i 

7r(l>) = V. 

For m > and p > 1 , we can find X p j ,X' p j, fJ> m ,j , M m j G C so that 

= Yl X P,k u k, (Qi ~ li l )^{x~ p Vj) = X' p jV (1 < j < P) , 
k=i 
p 

X i,m V = Yl ^"i' (« ~ 9i~V = (1 < * < 

i=i 



±1 



(j ± i) ■ 
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Using ^ — Qi' 1 )[xf m , x ^ p ] v = ^i,m+p v and applying ir on both sides we obtain 

R P 

^i,m+p = ^p,k^ m ,k ~ f^irij^pj ■ 
k=l j=l 

We set A fc (z) = £A p , fe ^, A'(z) = £A' and 
P>1 P>1 

m 

V> m {z) = z- m {*i(z) - %, P z P ) (jn > 0) 
Then for m > we have 



p=0 



R P 

fc=i j=i 

Hence (^ r ?' m (z))TO>o is not linearly independent, and we have a relation of the form 

N m 
m=0 p=0 

This shows that ^i(z) is rational. □ 

As a direct consequence, we have the following. 

Proposition 3.10. Let V be in category 0. Then for 6 t| suc/i i/iat V* 7^ 0, ^i(z) is 
rational for any i E I. 

The following is one of the main results of this paper. It is a complete classification of 
simple objects in category 0. 

Theorem 3.11. For \l/ G t|, the simple module L(*&) is in category if and only if^i(z) 
is rational for any i € I. 

Proof. The "only if part follows directly from Proposition 13.101 

From Remark 13.61 an arbitrary simple representation in category is a subquotient of 
a tensor product of fundamental representations. So, to prove the "if" part, it suffices to 
show that all fundamental representations are in category 0. Furthermore, with the aid of 
the twist automorphism (|3.17p . the proof is reduced to the case of L^. 

In the next sections we shall show that L • 1 are indeed in category (see Corollary 14.81 
and Corollary 15. ip . □ 



3.4. g-characters in category 0. Let r be the subgroup of t| consisting of \l/ such that 
^i(z) is rational for any ig J. (The letter r stands for 'rational'.) 

Let 8,£ C Z r be the ring of maps c : r — > 7L satisfying c(\l/) = for all such that 
is outside a finite union of sets of the form D(fi) and such that for each w 6 t*, there are 
finitely many \I/ such that = uj and c(M/) 7^ 0. Similarly, let £ C Z l be the ring of 

maps c : t* — > Z satisfying c(uj) = for all w outside a finite union of sets of the form D(fi). 
The map w is naturally extended to a surjective ring morphism w : £,£ — > £. 

For * G t (resp. u G t*), we define [*] = G E-e (resp. [u] = b~ w . G £). 
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Let V be a C/ (? (b)-module in category 0. We define the g-character of V to be the element 
of S. e 

(3.18) X9 (F)=£dim(F»)[¥]. 

Similarly we define the ordinary character of V to be an element of £ 

(3.19) X (V) = vj{ Xq {V)) = dim(K,)M . 

For V in category which has a unique ^-weight \l/ whose weight is maximal (for example a 
highest ^-weight module), we also consider its normalized (/-character Xq(V) and normalized 
character x(V) by 

X q {V) = f*- 1 ] • Xq (V) , x(V) = w(x q (V)) • 

Let Hep(U q (b)) be the Grothendieck ring of the category 0. We define the g-character 
morphism as the group morphism 

X q : Rep{U q {b)) -> E e 

which sends a class of a representation V to Xq (V). The map is well-defined as Xq IS clearly 
compatible with exact sequences. 

By using Theorem 12 .6^ we can prove the following as in [FR, Lemma 3] and [FR, Theorem 

3]. 

Proposition 3.12. The q-character morphism is an infective ring morphism. 

Remark 3.13. As Eg is clearly a commutative ring, this implies that Hep(U q (b)) is com- 
mutative. The argument is the same as for the commutativity of the Grothendieck ring 
Rep(C/q(g)) of finite-dimensional modules of Uq(g) given in |FR| . Note that Kep(U q (o)) is 
naturally a subring of Kep(U q (b)). The category is not braided (it is easy to construct a 
counter-example by using the category of finite dimensional representations of U q (g) which 
is known to be not braided). Moreover, in contrast to the case of quantum affine alge- 
bras, no meromorphic i?-matrix (in the sense of |KSJ) is known for U q (b). That is why the 
commutativity is a bit more surprising in this context. 

3.5. Finite dimensional representations of U q (g). In this subsection we quote some 
results for finite-dimensional C/ g (g)-modules which will be used in subsequent sections. For 
more details, the reader may refer to the book |CP2] and to the recent review papers 
\CH\ |L]. We consider only representations of type 1, namely such that the eigenvalues of 
the ki (i E I) are in g z . 

We have reminded above the parametrization of simple irreducible L r g (cj)-modules by 
n-tuples (Pi(z))i£i of polynomials of constant term 1. 

Following |FRj . consider the ring of Laurent polynomials V = Z[l^ = ^ 1 ]j g / iag c* in the 
indeterminates {^ajie/.aeC* • Let M be the group of monomials of V. For a monomial 
m = Yiiei aec* ^ia°' we cons ider its 'evaluation on <j) + (z)\ By definition it is an element 
m(4>(z)) G r given by 

m{4>{z))= J] (*W(z))r", 
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where 

{ 1 - aq~ x z . _ 
qi 1 - aq t z (J - Z) ' 
1 (J i)- 

This defines an injective group morphism M — > r. We identify a monomial meM with its 
image in r. Note that w{Yi A ) = ull. 

It is proved in |FR| that a finite-dimensional ?7 g (0)-module V satisfies V = © mg jvr VmMz))- 
In particular, Xq(V) can De viewed as an element of y. 

Note that for V a finite dimensional C/g(g)-module and * € r, the ^-weight spaces (|3,15|) 
can be characterized alternatively as [FRJ 

V* = {v e V | 3p > 0, Vi € I, Vm > 0, (0r_ m - ^"_ m ) p w = 0} . 

Here = Xlm>o ^i~-m z_m ^ s * ne expansion of ^(z) S C(z) in 

A monomial Af € Jvt is said to be dominant if M 6 a 

]ie/,aec*- For a finite- 

dimensional simple U q (g) module, \I/ = M(0(z)) holds for some dominant monomial M G 
M. The representation will be denoted by L(M). 
For example, for i E I, a £ C* and k > 0, let 

(3-20) m£ = >V^ r • • • 

Then = L(Mjp a ) is called a Kirillov-Reshetikhin module (KR module). An explicit 

formula for x(W^\) is known |N21 IH2| . 
For i € J, a G C*, define A i>a £ M to be 

Note that ro(^4j ia ) = aj. 

Theorem 3.14. [FR[ IFM] LeV a simple finite- dimensional U q (g) -module. Then 

X q (V)eZ[Ari) ielAeC *. 

Let M = T\i£i, Y;Y be a dominant monomial, and let I € Z. We set 

m - = n m<z = n 

iel,r>l i€l,r<l 

so that M = M- l M <l . It is well-known that the results in |C2[IKasllVV| imply the existence 
of a surjective morphism of C/ g (g)-modules (see references in [H4, Corollary 5.5]) : 

(3.21) L(M- 1 ) ® L(M <1 ) — >L(M). 

Consider the linear subspace 

L{M)*= {L(M)) m . 

meMZ[A-^ r+d .] ieIt r>i 
The following result will play a key role in subsequent sections. 
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Theorem 3.15. |H4j (i) The map (|3.2ip restricts to an isomorphism of vector spaces 

(3.22) L(M- 1 ) <g> v <l — ► L(M)- 1 , 

where v <l is a highest weight vector of L(M <1 ). 

(ii) Let F : L(M- 1 ) —> L(M)- 1 be the composition of the map (|3.22[) with the natural 
map L(M- 1 ) — > L(M- ) <S> v <l . Then for any i,j El and r € Z we have 

(3.23) x+ r F = Fx+ r , 

(3.24) ( f>f(z)F = FM <l (cf>f(z)) x^). 

Statement (i) appears as Proposition 5.6 in |H4j . and statement (ii) follows from Remark 
5.7, loc. cit.. A particular case of this result had been proved in [HL]. 

3.6. The dual category 0*. For V a t-diagonalizable U q (b)-module, we define a structure 
of U q (b)-module on its graded dual V* = ®p^i*V^ by 

{xu){v) = u(S _1 (s)i;) (iief, v G V, x£ U q {b)). 

The reason why we use 5" 1 and not the antipode in the definition of V* is discussed in 
Remark 13.191 below. 

Definition 3.16. Let 0* be the category of t-diagonalizable U q (b) -modules V such that V* 
is in category 0. 

Lemma 3.17. A t-diagonalizable U q (b)-module V is in category if and only ifV* is in 
category 0*. 

Proof. As S 2 (ki) = hi for any i £ I, the weight spaces of (V*)* can be identified with the 
weight spaces of V. The result follows. □ 

A C/ 9 (b)-module V is said to be of lowest ^-weight \& G t| if there is v G V such that 
V = U q {b)v and the following hold: 

U q (b)~v = Cv , (f>+ m v = % >m v (isl, m > 0) . 

For \l/ G t|, we have the simple ?7 g (b)-module L'{^) of lowest ^-weight ^, which is not 
in category 0* in general. We define the fundamental representation whose lowest 
^-weight is the highest t- weight of Lf a . 

The analog of Proposition 13.101 holds and we have the notion of characters and q- 
characters for category 0* as in Section [3.4i 

For V a t-diagonalizable L r g(b)-module with finite-dimensional weight spaces, we have 

x(v*) = x -\v) 

where x -1 (^0 is obtained from x(V) by replacing each [ui] by [a;" 1 ] for u) G t|. 

Proposition 3.18. Let V be a U q (b)-module of lowest l-weight with finite- dimensional 
weight spaces. Then V* contains a highest l-weight vector of i- weight \t F ~ 1 . In the case V 
irreducible, we get ~ L(*~ x ). 
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Proof. Let v be a lowest ^-weight vector in V. Let v* € V* such that v*(v) = 1 and v* is 
zero on higher weight spaces of V. As x(Y*) = X (V) an d the weight of v* is the opposite 
of the weight of v , v* has maximal weight in V*, and so ej v* = for any j £ I. Let us 
compute the ^-weight = (^*(z))j € i of in V* in terms of * = (^j(z))j e r- 
As C/ 9 (b) is a Hopf algebra, the linear morphism 

■D:V®V*->C, = v(u) 

is a morphism of C/ (? (b)-module. 

Let j S /. Prom Theorem 12.61 we have in V ®V* 

<pf(z)(v ® V*) = <j)+(z)v ® (f>j(z)v* = *j(2t)*^(z)(« <8 U*). 

As D(v ® f *) = 1 and the action of 4>~j{z) on the trivial module is 1, by applying D we get 
**(z)=Vj 1 (z). 

For the last point, by construction, V is irreducible if and only if V* is irreducible. □ 

Remark 3.19. If we had used S instead of S^ 1 to define V* , we should have used a map 
V* <g> V — > C instead of D (as for example in the proof of \FM.\ Lemma 6.8]). But then by 
using Theorem 12.61 as above, we could get additional terms because v* has maximal weight 
and v has minimal weight. 

Let L(m) be an irreducible finite-dimensional representation of U q (g). As a C/ g (b)-module, 
L(m) is in category and in category 0*, and is irreducible by Proposition 13.51 By [FM. 
Corollary 6.9], the lowest weight monomial of L(m) is 

m'= TT Y7 u % y 

J. J. i,aq r n 

if we denote Ui >a the multiplicity of Yi >a in m. Here i is defined so that wo(di) = —aj where 
wq is the longest element of the Weyl group, h v is the dual Coxeter number, and r v is the 
maximal number of edges connecting two vertices of the Dynkin diagram of g. So we have 

(3.25) L(m) = L'(m') and (L(ro))* k ^((m')" 1 ). 

This last isomorphism is analogous to [CP2t Proposition 5.1(b)] where the standard duality 
is used. 

4. Asymptotic representations and LJ iX 

In this section, we shall construct the irreducible L r g (b)-module L~ 1 as a limit of KR 
modules of U q (g). Throughout this section we assume that \q\ > 1 (except when it is 
mentioned explicitly). 

4.1. Example. As an illustration, let us first consider the simplest example Uq(sl-2). Con- 
sider the KR modules L(M^) with M\~ = Y^-i Y 1(? -3 ■ ■ ■ Y lq -2k+i. Its normalized (/-character 
is 

1 + A.,1 + A,lA,g-2 I" A.,1 ' ' ' J 4 1> g-2(fc-l) • 
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When k — > oo, it converges as a formal power series in the to 

i>o 

Let us explain this in terms of representations. 

The module L(Mfc) carries a basis (vo, • ■ • ,v k ) with the action of U q {sl2) given by 

x l,r V 3 = q 2r ^~ 3+V> Vj-l , X^ r Vj = q~ 2r] [j + l] q [k - j] q Vj+x , 

(l-q- 2k z)(l-q 2 z) 



01 1 j ^ " 9 (1 - <T 2 i+ 2 z)(l - q-V z ) 3 ' 



Observe that the action of the xf r on this basis does not depend on k. In contrast, that 
of the xj~ r depends on k and diverges as k — > oo. Nevertheless the actions of x^ r and 
4>i(z) converge. Altogether these limiting operators give rise to the following 'asymptotic' 
representation of U q {s\2) on the space Vqo = (Bj^oCvj-. 

r+ v - ^rC-j+l) . =- _ -2r.7+.7+2 b' + jjg 



1 — g 2 z 



J (1 -g- 2 i+ 2 z)(l -g- 2 iz) J ' 

7-, s 4j ^(l-g^Z- 1 ) 



(l-g^-V^Xl-g^V" 1 ) J " 

Introducing a Q-grading by deg(uj) = —ja±, and defining feiVj = q~ 2j Vj, we obtain by 
Proposition 12.41 a structure of a U q (b)-modvle on V^. This representation is clearly irre- 
ducible, and (j)f(z)vo = (1 — z)~ 1 vq. So we get the following. 

Lemma 4.1. Voo is isomorphic to Lj~ 1 as a U q {b) -module. 

It is easy to show that this action cannot be extended to an action of the full quantum 
affine algebra i/^sfo). 

As another example, let us study the KR modules for U q {sl$) 

V k = L(M fc ), M k = y li<r iY lig _a • • • Y 1>q -2 k+ i . 

Then V k has a basis {fn,n'}o<n'<n<fc consisting of ^-weight vectors v nn i of ^-weight • 
A±\ ■ ■ ■ A~y_ 2n+2 ■ A^ q ■ ■ ■ A~ *_ 2n / +3 - The action of the generators is given explicitly as 
follows. 

%t,r v n,n> = <f ( ~ 2n+2) [n - n'] q v n -i :n ' , x^ r v n , n > = g r( " 2n ' +3) D n>n /_i, 

Xi^ r v n ,n> = q~ 2nr [k - n] q v n+ x in i, X2 )r v n ,n> = q r ^~ 2n ' +l) [n + l] q [n - n'] q v n>n > +1 , 

6 ± (z)v _ n k- M ^-<r 2k z){l-q- 2 ^ 2 z) 

01 {Z)V n>n , -q (i _ q _ 2nz){l _ q -2n + 2 z) V n,n>, 

,±, )v _ „n-2n> (l-q 3 z)(l-q- 2n+1 z) 
92 K z ) v n,n' ~ q _ g -2n'+l z )(l _ g -2n'+3 z ) Un > n ' ' 
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Here we set v nn i = unless < n' < n < k. Note that the action of m and (f>^(z) do not 

depend on k. Letting k — > oo, we get a representation of U q (sls) on Voo = ®o<n'<nCu n y: 

™+ r(-2n+2) r /i ~ + _ r(-2n'+3) 

^n— n'+2— 2nr 
l.r n s n' Z7 ^Vi+l,n' j 



2n'-n+2+r(-2n'+l) r / 



[n' + l] q [n - n'] q v n>n >+\ , 



*^2 r^ n > n ' 

1 _ g-2n'+2 2 



„2n'-2„-l^ 

7-/ \ 4n-2n' * I 1 g f J 

(1 - q 2n z~ l )(l - q ^-2 z -i\ Vn > n ' ' 



<P 2 - (l _ ? _ 2n , +lz)(1 _ g -2n'+3 z ) ' 

These examples have appeared in |BLZl IBHKj as representations of the Borel algebra, but 
the action of the full asymptotic algebra was not discussed. 

4.2. General case. We now proceed to the construction of L~ 1 in the general case. Since 
a direct computational method is hardly applicable in general, we take an alternative ap- 
proach. 

Fix i £ I, and consider a family of KR modules labeled by k > 0: 
V k = L(M k ) , M k = Y^Y^-s ■ ■ ■ K 9 _ 2 fc+i , 

where we set Mq = 1. 

For each k,l satisfying k > I > 0, we decompose M k as -Mr 2Z+iH^<( 2i+i)d t ^ ^ that 
M fc - (_2Z+1K = Mi. Let 

(4.26) F k)l : ^ — > (-a+i)* 

be the corresponding isomorphism of f7 g (g) -modules given in Theorem 13.151 Fixing a 
highest weight vector v k € V k we normalize (|4.26p by F k ivi = v k . We have then for all 
k > I > m 

Fk,l ° Fl,m = Fk,m , F k>k = id . 
Thus ({Vfc}, {F ki i}) constitutes an inductive system of J7 9 (g) + -modules. Set 

Voo = lim V k , Voo = Foo jfc v k , 

where F^^ : V k — > Voo denotes the injective morphism satisfying the condition Foo )k °F k j = 

Food- 

It is known |N21 IH2] that, in the limit k — > oo, the normalized g-character Xg(^fc) con " 
verges to a formal power series in Z[[A^ ?a ]]ieJ",aeZ- I* 1 particular, the dimension of each 
weight subspace of V k stabilizes as k — >■ oo. 
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Proposition 4.2. For k > I > we have 



l-Q7 2k Z 



(4-27) 4>f{z) F kjl = g*-' \ x F k>l 4>f{z) , 

1 -9* z 

(4.28) ^(z)F M = F M ^(z) (jVO- 



For eac/i /, i/ie limits lim^oo F fc ^^>f{z)F k ^ exist in End(V;) and owes rise to an endomor- 
phism of Voo . 

Remark 4.3. It follows from Proposition 14.21 that the operator F k ~^(f>^(z)F kt i is of the form 

A{z) + q~ 2k B(z) where the operators A(z), B(z) do not depend on k and are well-defined 
without any assumption on |g|. So the limiting operator A(z ) on Voo makes sense for such 
a q. 

Proof. Formulas (|4T27|> . (14T28]) follow from (EHlj) and 

M k {c t >±{z)) = U l -^r L tf = < ). 

Clearly lim^oo F k ~J(j)f(z)F k ^ exists, and 

( Urn F-^f{z)F ktl )oF ltm = F l>m o ( Km F^Jf(z)F k , m ) 

k— ¥oo ' J k— voo ' J 

holds for all I > m. Hence they give rise to a well defined operator on Voo- D 

Next let us study the convergence property for x~ r . 
Lemma 4.4. Suppose k > I > 0. Then we have 

x- r V k - [ - 2l+m C V ^-^-^ {J E /, r e Z ). 

Proof. Let f be a highest £- weight vector of 2 ' +1 ) rf! ; anc [ w g From the formula 
for coproduct in Theorem 12,61 we have 

r-l 

x j : r( w <8>V) =y~] x j, r -p W ® §],V V + W ® X J,r V ( r > °) > 
p=0 
r-l 

x~_ r (w ® v) = xj_ r _ p w <g) </£_ p « + to <8 a;^_ r w (r > 0) . 

It follows that 

*fc,I fe> ® «)) € F fc - (_2,+1) * + F*,, (w ® x- r v) (reZ). 

If j £, the second term is absent. If j = i, then by [H21 Lemma 4.4], ' v belongs to the 
generalized eigenspace corresponding to the monomial Mf~ 2l+1 ^ dl A" 1 The assertion 
of the Lemma follows from these. □ 
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Proposition 4.5. For j € I , r € Z and k > I > 1, the operator Fr l+1 xJ r Fkj S 
Hom(VJ, VJ+i) is of the form 

(4-29) F-^x-^ = C + qf k D , 

where C,D £ Hom(V/, VJ+i) do no£ depend on k. In particular, the limit 

(4.30) lim F~l x~ r F Kl £ Hom(Vi, F m ) 

exists and gives rise to an endomorphism o/V^,. 

Proof. Let G t* be the highest weight of VJ. We prove the convergence on each weight 
bspace (Vj) w by induction on (3 € Q with respect to the ordering f|3. 13j) . If j3 Q + = 
e /Z>oaj, then there is nothing to show. Suppose the assertion is true for elements of Q 
Laller than /3, 

r' G Z, we have 

+ <V.i — -^F~},, (<S>+, w - 4>~r, r .>) F k iv . 



subspace (Vj) w by induction on /3 6 Q with respect to the ordering f|3. 13j) . If ft Q 
:hen 

smaller than /3, and let v G a- 1 - Since x^, r , commutes with F^ i for any j' € / and 

' C i',j„+ ( jp-l Z.- TP. \„,_( 77-1 ~- 77 \ „+ 



°f,3 — r k,l+l {<Pj,r+r> ~ <?V+r' ) r k,H 

q- —q. V ji -r / 

By the induction hypothesis, the first term in the right hand side is of the form (|4.29p . The 
operator in second term which is equal to 

S j'd —Fi + i,i (f~J , - +r ,) F ki i 

q . _ q _ v v 

is also of the form (|4.29p due to Remark 14.31 Hence we have a sequence of vectors = 
^ki+i^Jr-Fk,i v i n a finite dimensional vector space (Vl+i) Ul+1 par 1 such that for any j',r', 
the vector x^, r ,Wk is of the form 

(4.31) x+ r ,w k = Cjiy + ql 2k D ry 

where the vectors Cj> r >, Dy y do not depend on k. On the other hand, since V;+i is simple, 
the joint kernel of the x^, r , on weight subspaces of weight lower than is zero. It follows 
that the sequence {wk\ is also of the form (|4.3ip . So the operator F^^ +1 xJ r F) s . t i is of the 
form (|4,29p . The existence of the limit follows immediately. The well-defineness on Vqo 
holds by the same reason as in Proposition 14.21 □ 



Remark 4.6. By construction, the limiting operator C in Proposition 14.51 is well-defined 
for all q which is not a root of unity. 

Taking the limit k — > oo we get a structure of C/ g (g)-module on V^, since the relations 
of the algebra are preserved. For example, on Vi we have 

97^ { F khiKr F w) (F-^xj^) - (F-i +1 x7 r ,F M ) (F-}x+ r F Kl 

A TP ( TP- 1 ^tr+r' ~ ^r+r' F \ 
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and so the relation is satisfied by the asymptotic operators on V^. In particular, since 

F k,lK lF k,l = C fe+ \ _1 ' K i acts aS 011 ^oo- 

This structure of U q (Q)-module on makes sense without any assumption on \q\. In- 
deed, the action of the Borel algebra on KR modules is well-defined for such a q : there is a 
basis of Vfc such that the coefficients of the action of the generators e^, fi, kf 1 (0 < i < n) 
on are Laurent polynomials in q, see [CP31 Section 4]. Although the process of taking 
the limit is not well-defined if \q\ < 1, it suffices to check that the limiting operators on 
make sense at q. The operators Fj^iS^ m Fk,l are constant when k — > oo, so the correspond- 
ing limiting operators on Voo make sense for q. We have seen in Remarks 14.31 and 14.61 that 
the limiting operators of F^^r ll {z)F} t ^ and of F^\i^ m Fk,i make sense for q. So, for the 
next results, we do not assume necessarily that \q\ > 1. 

The [/g(g)-module Vx, has a unique Q-grading such that Vx> has degree 0. 

Applying Proposition 12.41 we obtain the following. 

Theorem 4.7. The space Vx has a structure of a U q (b)-module which is in category 0. 
The vector Vx satisfies ej = for any j G / and has l-weight 

i—th 

= (1, • ■ • , (1 - z)- 1 , • • • ,1). 

Corollary 4.8. The module L~ 1 is in category 0. 

Proof. Let V^ be the sub module of Vx, generated by v^. Then is in category of 
highest t- weight '. As is a quotient of V^, we get the result. □ 

5. The representations Lf x 

Let i E I, and let Vx be the C/ g -i(0)-module constructed as in the last section, with 
quantum parameter q~ l in place of q (we have seen at the end of the last section that this 
action is defined without any assumption on |g|). We use the Q-grading Vx = ©/3gq(Kx))/3 
such that its highest weight vector has degree 0. Then from Proposition ^. 4| (|2.8p . there is a 
natural structure of ?7 g (b)-module on V^. This representation is denoted by V^. Note that 
the highest weight vector of Vx becomes the lowest weight vector in V^. The representation 
V^ is in category 0*, and so we have a structure of U q (b)-module on the graded dual (V^)* 
as in Section [3T6l By Lemma f3. 171 the C/ (? (b)-module (V^,)* is in category 0. 

Let G (V£)* be defined by Ooo) = 1 and ^ = on 0^ o (V£)u,. The vector t£, 
satisfies ej = for any j € I and has t- weight 

i—th 

= (I,-- - ,1 ,1). 

We get the following consequence. 
Corollary 5.1. The module Lf x is in category 0. 

Let us look at the example of s[2 in more details. We have = ©^L Ci>j with the action 
of U q -i(sh) 

~+ 2r(j-l) ~- 2ri— i-2 \J + Mq ; 2j 

x l,r v 3 =1 > x l,r v 3 = -1 q_ q -l V i+ 1 ' klV = 1 v r 
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Hence the action of U q (b) on is given by 

—7 [j + Mq 2(i— 11 r 2j 

ei vj = -q g _ ^ZT ^+i » e o u j = 9 > = <? v j ■ 

We have (V^)* = (BJ^qCv*, where (vj)j>o is a basis dual to (fj)j>o- We have 
e 1 v*=q^ +3 -^- I v^ 1 , eo v* = -q^ +2 v* +1 , hv* = q~ 2j v* 



q-q~ 



There is a unique basis (w*)j>o of (V^)* such that Wq = Vq, w* € C*v* and e± w* = 
We obtain 



* 7+2 U ~l~ ■'■Jo * / * —27 * 

e iOj = -<?^ - _ _[ w j+1 , kiWj = q J Wj . 

Let us write the example of 3(3 in details. We have = ®o< n ' <n^ v n,n' with the action 
of U q (b) given by 

eitW = — 1 » Z2V n ,n> = q~ 2n +n [n' + l] q [n - n'] q v nn , +1 , 

q~ L - q 

eoVn,n' = -g n+n '" 2 Vn-l,n'-l , 

klV n ,n' = q 2n ~ n 'v n , n ' , k 2 V n ,n> = q 2n '~ n V n ,n' , k V n y = q 

We get the action of U q (b) on (V£)* = ©„,„/>„ C< (n , 

-3n+2n'+3 

7J v n— l,n' ' 



* 9 * * 2(n— 2n'+2) r /"I r ' i 1 1 * 

e l v n,n' = q _ q -l V n-l,n> » e 2^ n,n' = "9 1 > ]<? I> " " + Mq W«,n'-1 

Pn „* - „2(n+n'+l) * 

L„* _ -2n+n' * jl * _ -2n'+n * j, * _ n+n' * 

K l v n,n' — H v n,n> > K 2^ n ,n' — 9 v n,n' > K 0^n,n' — 9 %i,n' • 

There is a unique basis (w^,n')n,n'>o of (K£>)* sucn tnat e i w n,n' = [ n ~ n % w n-i,n" e<2W n,n> = 
w n,n'-v w o,o = v o,o and = -W<,n' where A n , n > G C*.' We get 

\ \ („n— n ' „n'— n\ „3n— 2n'— 3 \ r__/i r \ „4n'— 2n— 4 

A n ,n' — ^n-l.n'W _ <? )1 , K,n' [n \ q [n - n + l\ q - - A n y ^q 

„n + 4 

This implies e Q w* nn , = -[n + l\ q ^TW* n+l n , +1 . 

6. IRREDUCIBILITY OF ASYMPTOTIC REPRESENTATIONS AND CHARACTER FORMULAS 

6.1. Irreducibility of and the character of LJ V Let i € I. We recall the ?7 9 (b)- 
module Vx constructed in Section 14.21 We have proved that L~ x is a subquotient of Voo . 

Theorem 6.1. The module is irreducible and is isomorphic to L~ 1 . In particular 

Xq( L 7,i)=K™ X q {L(M k )) 

as a formal power series in Z[[Aj^ r ]]j e i^ rl zz- 
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Proof. Consider the KR module L(M k ) with M k = Y- -iY. -3---Y. -2*4-1, viewed as a 
C/ g (b)-module. In view of Remark 12.51 we modify its Q-grading so that kjV = v (j G J) 
holds on the highest weight vector v. Denote the resulting ?7 9 (b)-module by L(M k ). 
We set 

*Sr *Gr *Sr 

Both Xq{L(M k )), Xg(Voo) belong to Z[[A7i]] ig/)bgC ,, and x g (L(M k )) converges to x q (Voo) 
as A: — > 00. Since L,~i is a subquotient of V^, we have 

ni < n^° o) (* € t). 

To prove the theorem, it suffices to show the reverse inequality. Fix \l/ G r. We may 
assume 7^ 0. Comparing the highest I- weights we see that L{M k ) is a subquotient of 
L + £g> LJ-, • Hence we must have 

(6.32) <^*) = «£( % -**)*£(z) 

for some ^f^(z) which occur in %g(L i;L ). We show that we must necessarily have *&t(z) = 
1 for sufficiently large k. Indeed, if we write zu(\&(z)) = (a^ • • • a,,) -1 , w(^^(z)) = 
(aj 1 ■ ■ •a ?m )~ 1 , then from 

w(9(z)) =w(*Z( q - 2k z))w(* k (z)) 

we have m < I. Given there are only finitely many possibilities for such \&r(z)'s. Since 
(|6.32p holds for any k, \&~t(z) must be independent of z for k large enough. It follows that 
= On the other hand, are both monomials in A - , 's. 

Therefore we must have \1/ = and = 1. 

The multiplicity of the term [1] in x q {L + _ 2k ) is 1. We conclude that n^/ < which 
shows the opposite inequality 

> (* G r). 

□ 

6.2. Irreducibility of (V^)* and the character of LJ V 

Proposition 6.2. For € tt ; t/ie simple module L'(^) is in category 0* if and only if 
^i(z) is rational for any i G /. 

Proof. As for Theorem 13. 11| it suffices to prove that for i G /, the fundamental representa- 
tions L 1 - j are in category 0*. Theorem 13. Ill is already proved, so the representations of 
C/ 9 -i(b) are in category 0. Since (L^)* ~ by Proposition 13.181 we get the result. □ 

We define a partial ordering ^ on characters : x ^ x' ^ the multiplicities of weights are 
lower in x than in x' ■ 

Theorem 6.3. (V^)* is irreducible isomorphic to Lf l and we have x{Lfi) = xi^i)- 
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Proof. We have proved that Lf x is a subquotient of (V^)* and x((^x>)*) = x(Voo) = x(^ i x ). 
So X (L+) =< x^). 

To prove the reverse inequality, let A; > 1 and consider the KR module L^P^ 1 ) with 
-Pfc = Yi^Yi z ■■■Y.2k+i (this is a KR module by <|3.25[> ) . This is an irreducible U q (b)- 

module by Proposition 13.51 We modify its Q-grading so that kjv k = v k (j G I) holds on the 
lowest weight vector Vk- In the resulting module L'(P^ 1 ), we have 

1 - zq 2{k+1) 

4>t( z ) v k = ; — 1 Vk, <pj(z)v k = v k iorj^i. 

i — z J 

So L'(P^ 1 ) is a subquotient of <g> i' + 2(fc+i)- 

By twisting by a, the g-character of L'(P^ 1 ) is equal to the g-character of the U g -i (g)-KR 
module I^^^^^-ij.^ ■ ■ ■ Hence, both P kXq (L' (P^ 1 )) and * _1 x,(VS) 

belong to ^[[A^llje/.&ec* (\P is the ^-weight of of minimal weight), and 

* _1 Xg(C) = hm^ooPfcX,^^^ 1 )) 

as a formal power series in Z[[A iJ - | 6]]j e / | 6 e c*- 

Now we can conclude as for Theorem 16, II that xi^'ii) — X^i^i)- 

So we have %(L^ 1 ) = % (_L^jJ ^ xC^ii)- This implies the result. □ 

6.3. Explicit character formulas for fundamental representations. While the con- 
vergence of the normalized q-characters has been proven |N2} IH2j . no explicit formula for 
the limit is known in general. For the ordinary characters x(-L(Mfe)J, explicit formulas are 
known \N2\ IH2| . from which one can extract the following formula for the limit. 



Theorem 6.4. For any i E I, a, b G C*, we have 

'NjP + Sijk- £ Af V^rmn( A ±) 
hel,l>o 

N={N jj)y€r,k>o \ N jJ) 



X (Lf) = X (L- b ) 



n (i-N- 1 : 

aeA + 



where A + is i/te se£ of positive roots of q, (?) = T(a + 1)/ (r(a — b + 1)T(6 + 1)) , and the 

(i) 

sum is taken over all non-negative integers ' with j G I, k G Z>o- 

We have proved an explicit character formula for all fundamental representations in 
category 0. 



7. Asymptotic representations and Lf-, 

In this section we study another limit of the KR modules and discuss its relation to the 
module L^ v We assume \q\ < 1 throughout. 
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7.1. First examples. We begin with the simplest example of U q (sl2)- Consider the KR 
module W k = L(N k ) with highest monomial = Y\ tq Yi q 3 ■ ■ ■ Y± q 2k-i . It has a basis 
(vq, •■■ ,Vk) with the action 

X + Vj = , x - v . = q Mk-j) [k _ j]q[j + 1]qVj+1 ) 



^ _ fc-2j (1-^)(1-V( fc+1 )) 
01 W " 9 (1 - zg2(fc-i+i))(l - zq^-i)) Vj ' 



Unlike the case of L 1 1 discussed in the previous section, only a 'half of these operators 
converge as k — s> oo. 

lim xf r vj = 5 r flVj^i (r > 0) , 

fc— >oo ' 

lim x x Wj - = -^-[j + (p > 1) , 

k— >oo ' r q — q 

lim (j)f(z)vj = (1 — z)vj . 

A;— >oo 

By setting k\Vj = q~ 2 ^Vj, we get an action of U q {b) on = (Bj>oCvj : 

t 

4>t{z)vj = <r 2j (i - z)vj. 



+ x - -q J Cp,lr- , n 

x l,r V j = °rfiVj-l , X l pVj = q _ g _ 1 U + l]qVj+l 



This representation is simple and isomorphic to Lf 1 . We recover the action of the example 
of the last section 

7+2 [J + IJq , -2i 

e x Vj = Vj-i , e vj = -q J ^ _ q _[ Vj+i , hvj = q J Vj . 

It is easy to check that this action cannot be extended to that of the quantum affine algebra 
U q (sl 2 ). 

We note that, in contrast to the case L X1 , the normalized ^-character 



oo 



** Mi) = 

3=0 

is independent of z and is not a formal power series in ^47^'s. 

Let us study another example for Uqisi^). Consider the KR modules 



W k = L(N k ), N k = Y ltq Y hqS ■ ■ ■ Y hq2h -i . 
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It has a basis {v n n '}o<n'<n<k with the action 

Z.+ , _ fl 2m(l+M r „_„'] v . . f+ v . - m(3+2fe-2n') 

• L l,m u n,n' — H [ n '» Jg ^n— l,n' 5 • L 2,m u n,n' — H u n,n'-l > 

Vny = q -k+2n-n' + 2 + 2 P (k-n) [k _ 

Vn,n' = q -n+2n> + 2 +P (l+2k-2n') [n , + 1]g[n _ n% 

~ ± (l-^a-zg 2 ^-"')) 

<Pl W«n,n' - (1 _ Jg9 2(fc-n))( 1 _ ^2(l+fc-n)) 

(1 - v +2fc ~ 2n )(i - ^ 3+2fc ) 

<P 2 l 2 )^,"' - (1 _ ^l+2fe-2n')(]_ _ 2(? 3+2fc-2n') Un > n ' ' 

For m > and p > 0, these operators converge when k — s> 00, 

_^n-n'+2 

^l,m V n,n' = ^m,o[ n ~~ n ']q v n-l,n' i %i jP v n,n' = ^Pi 1 " ^-1 

^2^m^' n ! rt ' = ^"i,0 v n,n' — l j ^2.p^n,n' = j 
0l"(^)Un,n' = (1 - 2)«n,n' , 02~ (^)^n,n' = «n,n' • 

In addition, the operator eo = ^2 l^fo ~~ 9^i~o^2"i a ^ so converges since 

— q n+4 

v n> n> = [n' + l] q [k-n] q q k+A v n+ iy + i — > [v! + l] g — -zi V n+ l,n'+l- 

In particular we get an asymptotic action of the Borel algebra on = @o< n ' <n^ v n,n' ■ The 
action of x~ does not converge but the action of x~ Q is constant. This example appeared 
in [BHK] . 

7.2. First approach. From now on, we shall be concerned with the family of KR modules 

Of U q {Q) 

W k = L(N k ), N k = Y^u-i ■ ■ ■ V-, (/ , >-,.,, , 

with the convention Nq = 1. More generally we consider for k > I > the modules 
W k ,i = L(N k {) with N ki i = Y. 2k -i ■ ■ ■ Y- ik-v+i. We fix a highest weight vector w k j € W k j 
and write w k = w k>k . 

We have a unique isomorphism of vector spaces 

H k)l : Wj— >W fcl ,, 

such that H k jWi = w k j and 

(7.33) x% = Hfe,; Tm-i) (x) (x € C7,(fl)) , 

where r a denotes the automorphism of U q (q) given in (|3.17p . 

Decomposing the monomial as N k = N k jN k _i, we consider the corresponding morphism 
of f7 g (cj) + -modules in Theorem 13.151 

Gk,i : W Kl , 
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normalized as G k iw k i = w k . Set further 

h,l = G k ,i o H kjl : Wi — ► Wf C 8 *" 2 ^ 1 )* 

Clearly 

h,l = 4,m (k>l>m), I k}k = id, 
so that ({Wfc}, {ifc^}) constitutes an inductive system of linear spaces. Let 

= lirnWfc, = I^Wk, 

where : W k — > denotes the injective linear map satisfying the condition Ioo,k ^k,l = 

Combining (PS]) with (pT23l) . (pT24"l) we find that 
(7-34) xf r I k ,i = qf k ' l)l 'I k ,ix+ r , 

(7.35) ^{z)I Kl = h,Kt>f{z q ? k -% x H' 1 ^^ U = <} ' 

In particular, fcj is constant if j 7^ i and we have j = q^~ l Ik,iki- 

Proposition 7.1. Consider the limit k — > 00. 

(i) For r > 1, the operator I k ixt r Ik,l converges to 0. For r = it stays constant. 

(ii) The operator I^l^j (z)I k ,i converges to 1 — d~ijz. 

Proof. This follows from (PI]) and (fT35l) . □ 

Proposition 7.2. Lei j G I \ {i} and r € Z. T/ie action of the operator 

Ik}+M 2kr ^r)h,i G Hom(W,, 

stays constant. In particular, I k i + i%J r Ik,l converges to if r > 1 and stays constant if 
r = 0. 

Proof. We adapt the argument in the proof of Proposition 14,21 Let ui G t* be the high- 
est weight of Wi. We prove by induction on /3 G Q that when k — > 00 the operator 
^kl+i{l7 2kr ^J,r)^k,l stays constant on (Wi) ^-1. When /3 ^ Q+ this is clear as (Wi)^-i = 

0. For an arbitrary /3, it suffices to prove that x^, r J k ] +1 (q~ 2kr x~ r )lk,i is constant on 
(Wl) u -q-1 for all j' G / and r' > 0. Furthermore, by the argument of the proof of Proposi- 
tion we may assume without loss of generality that r' > r. 
We have 

-2kr+2r'(l-k) ( T -\ 7+ T 



—1 
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In the right hand side, the first term is constant by the induction hypothesis. The second 
term equals up to a constant multiple 

r 2r'(l-k)-2kr ( T -l 7+ T \ x -2lr 1+ 

which is constant. 



□ 



Proposition 7.3. Let r € Z. We have 



I 



k,i+i y 



2fc(l-r) - 



)l kt l =A r + qfB r G Hom(Wi, W l+1 ) 



where A r ,B r € Hom(W;, W;+i) are constant operators. 

In particular, I k i^.\X~ r Ik,i converges to if r > 2 and converges if r = 1. 

Proof. The proof is analogous to the proof of the previous proposition and we retain the 
notation there. We prove by induction on j3 € Q that the operator Ifrj +1 x~ r Ik,i is of the 
form A T + qf k B r on (Wl)^- 1 - When /3 ^ Q + this is clear. For an arbitrary /3, it suffices 

to prove that xj, r rlki+i{<li 1 x 7r)^k,l i s °f this form on (Wl) -^-i f° r an j' E I, r' > 0. 



We may assume that r' > r and we have 



r _l 2fc(l-r)~- r 



,2 / r-1 2fc(l-r) 
1 k,l+l t li 



2fc(l-r) 2r'(l-k) 



-1 

The first term in the right side is of the correct form from the induction hypothesis. The 
second term for i = j' is equal, up to a constant multiple, to 



2k(l-r)+2r'(l-k) T -l 7+ j 
% 1 k,l+l^i,r+r' lk ^ 1 



1 - Z 



#■(*) 



i 



-2 



+ 



2k-2lr 



1 



where we write c n = [/(z)] n for a formal power series f(z) = ^2^ = q c « zn - This is also in the 
correct form. □ 

Let L > 1 be the length of the maximal root of q and Nj > 1 be the multiplicity of a, in 
the maximal root of q. 

Proposition 7.4. We have 

Ik} +L eoh,l =qf {l - yii) q? P A p eKom{W h W l+L ) 

0<p<N 

where for < p < N, A p G Hom(W/, Wj+x) is a constant operator. 
In particular, If7j +L eo Ik,i is convergent ifNi = 1. 

Proof. Let us write eo as in (|2.3p . Then it is clear that for any k > I + L, the operator 
^kl+L x o^ k makes sense in Hom(Wj, Wi+£). Then the result follows immediately from the 
last propositions. □ 



ASYMPTOTIC REPRESENTATIONS 29 

Prom here until the end of this section \772\ we assume that N$ = 1. We get a structure 
of C/q(b)-module on in category (with the natural Q-grading such that the highest 
weight vector has degree 0). 

Theorem 7.5. is irreducible isomorphic to Lf l and we have Xgi^ti) = x(-^ii)- 

In this case, we get another proof that L/i is in category 0. We also get an explicit 
g-character formula for Lf 1 . 

Proof. The representation Lf 1 is a subquotient of Woo- For any k > 0, we have x(Wk) = 
x(Vfc). By construction, x(Voo) (resp. x(Woo)) is the limit of the x{Vk) (resp. of the x(Wk))- 
Hence x(Woo) = x(K») which is equal to x(Lfi) by Theorem 16.31 The result follows. For 
the second point, it follows from Proposition 17.11 that x q (Woo) = x(Woo)- D 

Let Wi C Wfc be the sum of the C/g(3)-submodules of Wf. which do not contain the 
highest weight vector. For any j 6 /, k > I, we have x~j~ Ik : i = Ik,ix^ Q . In particular we 
have I k ,i(W[) C W' k . Let us consider = U fc > WTO- 

Lemma 7.6. We have = {0}. 

Proof. First let us prove that £7 9 (b)W4, is a submodule of Woo- The subspace W^ is stable 
under the action of the x^" , k^ 1 for j € /. Since ^ x acts as a scalar, it follows that W^ is 
stable also by x~j r with r > 0. Hence Ugfo^W^ C W^, and we have 

U g (b)WU = U q (b)-U g (b) W^. 

Consequently, for reasons of weights, ^ Ug^tyW^- Since W^ is irreducible, we obtain 
the assertion. □ 

As a consequence, we get a second explicit formula for x{^t\) ^ n this case • ^ ^ s ^ ne limit 
of characters given by the Weyl character formula. 

Remark 7.7. We also get that for any k > 0, a G C*, the KR module L(Yi^ a Y i aq 2 ■ ■ ■ Y. a a(fe-i) ) 
with Nj = 1 is irreducible as a representation of U q (o). We recover the result of |C1| . 



7.3. Another example. Let us look at the s[2-case from a different angle. We can choose 
a basis (v' , v[ , • • • , v' k ) of W k such that 

= q ^ k - j+1 ^ +2k -^-%] q [k - j + , ^ = ^ fc -^- 2 s +1 , 

9 (1 _ ^(fc-j+i))(i _ z ^{k-j)f3 ■ 
In this basis we see that (fikf)v'j = v'- +l and 

lim (e^r 1 )^. = lim q k ~ 2 ^[j]g[k - j + \] q v'^ x 

k— >oo K— >oo 

= "big — [ fc - J + ^i-i- 

q — q 

Then (eoAfo" 1 )^ = <2 ,2 ^ +1 ^'i>L_i is constant and 4>f(z)v'j converges to (1 — z)v f j. 
Let us generalize this calculation in the next subsection. 
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7.4. Second approach. For k > 0, let V k be as in Section 14.21 but for the parameter 
q' 1 , that is, V k is the C/g-i (g)-module KY^-iyxY^-iya ■ ■ ■ Y^-x^k-i) )• Let v k be the 
highest I- weight vector of V k . Pulling back by a, we get the C/q(g)-module V k . We have in 

4>t( z ) v k = i7 h 1 _ 1 w fc > ( / ) j h ( z ) u fc = 1 for 3 7^ * • 

So the ^-weight of w fc in is ^~^~3 ■ ■ ■ ^"L-i = We define its dual module {V£f 

as in Section 13.61 By Proposition 13.181 we have a highest ^-weight vector v* k in (V k )* of 
t- weight N k . In particular we can identify (V k )* with W k and with iu^. 

The injective morphism of C/ g (g) + -module F k j : V/ — > (1 < Z < k) gives rise to an 
injective linear morphism F kl : V" — > V k a and to its surjective dual IL^ = (F kl )* : W k — > 
W[. Then ({Wfc}, -{TL^}) constitutes a projective system of vector spaces. Set 

= lim W k , 

and let € be the unique vector satisfying w k = Tl k ,oo u>5>> where H k)00 : M 7 ^ — > W^ 1 
denotes the surjective linear morphism satisfying IT; ^ o 11^^ = IL ]00 for / < k. Note that 
VF" can be identified with (V£)*. 

Now for j £ I and Z < fc, we have i^e^ = ejF k j and F k jkj = q i l ' 3 kjF k j. So 
^iC^Vi) = (V'/i)^ and f~ Ay = q^SFgj. This implies 

n/, fc (/^|) = (/^Dn^ and IL^Ay = q^'^kjU^ . 
For < j < n, we set e.j = e.jkj l . 

Proposition 7.8. Let v € W^, < j < n and I > 1. When k — >• oo, (n^e^-II^oo)^) 
converges to a vector Vj t i € W 7 ;. Moreover we have IL^^u^') = Vjj for I <V . 

Proof. First assume that j £ /, and let v G W^;. Using S'~ 1 (e : ,) = —q~ 2 ej in J7 9 -i(g) and 
cr(ej) = qjX~ , we have for fc > / 

(ILi ik ejIL kt00 )(v) = (ejII fc)0o («))F^ = -<?~ 2 n fci00 (V) e, F£ z = -vF^xJ^F^i . 

The right hand side can be written as — v F oo j + i((Fi + i tk )~ 1 xJ F k j). This converges as 
k -> oo since F k j +1 xJ F k j does. 
For k > I' > I, we have 

(ri/ ifc %n fej00 )(u) = ^^/((iij/^ejiifc^)^)). 

This implies the relation H| f C v j,i') = v j,l- 

We have o^S -1 ^)) = -<?o~ 2cr ( e o) G C(x+ m ) ie7 . meZ . As each F~Jxj m F k ^ converges 
when k — > +oo in End(VJ), we can conclude as above. □ 

Let e~j(v) € be the projective limit of the {vj,i)i>i- We get a linear operator gj € 
End(W^). has a natural Q-grading. We define the action of k^ 1 on so that 
has weight 1. Then we get a structure of £/g(b)-module on W~,. 
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Theorem 7.9. is irreducible isomorphic to L^ ± . 

Proof. We have seen that each Vk has £- weight N^. So the weight of is the highest 
^-weight of Lf v In particular is a subquotient of W^. By construction, we have 

xO^oo) = x(Voo)- Now the result follows from Theorem 16.31 □ 
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